Abstract. We introduce toric complexes as polyhedral complexes consisting of rational cones together with a set of integral generators for each cone, and we define their associated face rings. Abstract simplicial complexes and rational fans can be considered as toric complexes, and the face ring for toric complexes extend Stanley and Reisner's face ring for abstract simplicial complexes [18] and Stanley's face ring for rational fans [19] . Given a toric complex with defining ideal I for the face ring we give a geometrical interpretation of the initial ideals of I with respect to weight orders in terms of subdivisions of the toric complex generalizing a theorem of Sturmfels in [21] . We apply our results to study edgewise subdivisions of abstract simplicial complexes.
Introduction
In this paper K denotes a noetherian commutative ring. Let F be a finite subset of
There is a (non-normal) affine toric variety X F = Spec(K[M F ]) associated to F where
] is the subring generated by the monomials
for a ∈ F . In the classical situation where M F = cone(F ) ∩ Z d is the set of lattice points in cone(F ), the cone generated by F ⊂ R d , the variety X F is the normal affine toric variety usually denoted X(cone(F )). A regular subdivision of cone(F ), also called projective subdivision in [13, p. 111] , is a decomposition cone(F ) = ∪ G∈Π cone(G) as a union of rational cones together with linear forms α G : R d → R such that the restrictions α G : cone(G) → R assemble to a continuous convex function f : cone(F ) → R. As explained for instance in [13, pp. 28-30] such regular subdivisions correspond to certain coherent sheaves on X F , and there exists a regular subdivision of cone(F ) such that the fan Σ = {cone(G) : G ∈ Π} defines a resolution of singularities X(Σ) → X(cone(F )).
Our main result in Section 5 gives in particular a correspondence between regular subdivisions of cone(F ) for F ⊂ Z d and initial ideals of the kernel I F of the homomorphism from the polynomial ring
i for a ∈ F . In the case of regular triangulations this correspondence was established by Sturmfels in [20] and [21] .
More precisely, a function ω : F → R defines a weight order with ω(x u ) = ω(u) = a∈F u(a)ω(a) for a monomial x u in the polynomial ring K[F ]. The initial ideal in ω (I F ) of I F with respect to ω is the ideal generated by the elements in ω (f ) = ω(u)=ω(f ) f u x u where f = u∈N F f u x u is non-zero in K[F ] and where ω(f ) = max{ω(u) ∈ R : f u = 0}.
The function ω also defines a subdivision of F into a collection Π of subsets of F with G ∈ Π if and only if there exists a linear form α G on R d with α G (a) ≤ ω(a) for a ∈ F such that equality holds precisely if a ∈ G. This collection Π of subsets of Z d is an embedded toric complex in the sense that for H ⊆ G with G ∈ Π we have that H is in Π if and only if cone(H) is a face of cone(G) with cone(H) ∩ G = H. The fan Σ = {cone(G) : G ∈ Π} is a regular partial subdivision of cone(F ) in the sense that the restrictions α G : cone(G) → R assemble to a convex continuous function f : ∪ G∈Π cone(G) → R.
In analogy with the Stanley-Reisner ideal of an abstract simplicial complex (see [18] for details) there is a monomial ideal J Π in K [F ] such that a monomial x u is not in J Π if and only if there exists G ∈ Π such that supp(x u ) ⊆ G. Here supp(x u ) is the support of u, that is, the set of elements a ∈ F with u(a) = 0. The statement of our main result in Section 5 restricted to this situation is: Theorem 1.1. If cone(F ) = ∪ G∈Π cone(G), then the radical ideal rad(in ω (I F )) of in ω (I F ) is given by the sum G∈Π I G + J Π where I G ⊂ K[F ] is the ideal generated by the image of
As observed in [10, Proposition 4.8] the face ring K[F ]/ G∈Π I G + J Π of the embedded toric complex Π agrees with the face ring of the rational fan {cone(G) : G ∈ Π} considered in [19, Section 4] in the case where F is equal to the intersection cone(F ) ∩ Z d of the cone cone(F ) generated by F ⊂ R d and Z d . A (conical) polyhedral complex in the sense of Kempf, Knudsen, Mumford and Saint-Donat [13, p. 69 ] is a topological space |Σ| together with a collection Σ of subspaces of |Σ| homeomorphic to cones subject to certain conditions. A fan in R d is the same thing as a polyhedral complex together with an embedding into R d . Similarly a toric complex as defined in Definition 3.1 is a collection of data such that an embedded toric complex is a toric complex together with an embedding into Z d for some d.
The face ring K[T ] of a toric complex T as defined in 4.1 is a K-algebra of the form K[X]/I T where K[X] is a polynomial ring and I T is a binomial ideal, that is, an ideal generated by binomials of the form x u − x v and by monomials x u . In the case where K is an algebraically closed field a binomial ideal I in K[X] gives rise to a toric complex T (I). In Theorem 4.5 we give a precise criterion on I ensuring that the face ring K[T (I)] is isomorphic to K[X]/I.
Simplicial toric complexes as defined in 3.4 correspond to abstract simplicial complexes in a strong sense. In particular, there is an abstract simplicial complex associated to a simplicial toric complex, and the face ring of a simplicial toric complex agrees with the Stanley-Reisner ring of the associated abstract simplicial complex.
The way the concept of toric sets is set up it is not possible to subdivide a simplicial toric complex. However, in 4.10 we present a process of multiplying a toric complex by a natural number, and a multiple rT of a toric complex T always possesses subdivisions. On the level of face rings, multiples of toric complexes roughly correspond to Veronese subrings of graded K-algebras, and their subdivisions correspond to deformations of the Veronese ring.
For the simplicial toric complex T (∆) constructed from an abstract simplicial complex ∆ (see Example 3.3) we define a particularly nice regular subdivision esd r (T (∆). The toric complex esd r (T (∆)) is simplicial and the associated simplicial complex is the r-fold edgewise subdivision esd r (∆) of ∆ defined in 6.1. We show that the initial ideal in ω (I rT (∆) ) of the defining ideal I rT (∆) of the face ring of rT (∆) is generated by square-free monomials, and we specify the reduced Gröbner basis for I rT (∆) with respect to any monomial order < with in < (I rT (∆) ) = in ω (I rT (∆) ).
Some ideas presented in this paper can be found elsewhere in different contexts. First of all the concept of a toric complex is a variation on the polyhedral complexes defined in [13] , and regular subdivision appears there under the name projective subdivision. The idea of considering arbitrary finite subsets F of Z d was promoted by Sturmfels and his coauthors, for example in [12] and [21] . They occasionally call F a vector configuration. In [20] and [21] Sturmfels identified the radical of the initial ideal in ω (I F ) of I F with the defining ideal of a Stanley-Reisner ring in the case where ω defines a triangulation of cone(F ) using Gröbner bases and integer programming methods. We make a different approach using direct geometric arguments that allow us to extend Sturmfels' theorem to subdivisions of toric complexes and face rings over commutative rings instead of over fields. The results of Section 4 where we examine the face ring of a toric complex are motivated by the paper [10] of Eisenbud and Sturmfels. Finally, edgewise subdivision has been studied by many people. In [13, pp. 117-123] edgewise subdivision is called regular subdivision. The name edgewise subdivision was introduced by Bökstedt in [2] in the context of simplicial sets. Grayson published the first definition of edgewise subdivision of simplicial sets in [11] . Edgewise subdivision of simplicial complexes was studied in [8] .
The paper is organized as follows: in Section 3 we give our definition of a toric complex together with some examples, and we characterize elementary properties of toric complexes. In Section 4 we define the face ring of a toric complex, and in the case where K is an algebraically closed field we characterize the K-algebras occurring as face-rings. Furthermore we show that the face ring is compatible with gluing of toric complexes and we give a construction on toric complexes corresponding to the Veronese subring of a graded ring. In Section 5 we introduce regular subdivisions of toric complexes and we prove our main result Theorem 5.8. In Section 6 we discuss a particular regular subdivision of the toric complex associated to a simplicial complex, which we call the edgewise subdivision.
The authors are grateful to Prof. W. Bruns for inspiring discussions on the subject of the paper.
Prerequisites
In this section we fix some notation and recall some standard definitions. Let F be a finite subset of R d . A convex combination of elements of F is a sum a∈F r a a with 0 ≤ r a for a ∈ F and a∈F r a = 1. The set of convex combinations conv(F ) of elements of F is called the convex hull of F . Similarly, a positive linear combination of elements of F is a sum n a∈F r a a with r a ∈ R + = {x ∈ R : x ≥ 0} for a ∈ F . The set cone(F ) of positive linear combinations of elements of F is called the cone generated by F . By convention cone(∅) = {0} and conv(∅) = ∅.
To a linear form α on R d and c ∈ R we associate the affine hyperplane H α (c) = α −1 (c) and the half-space
of finitely many half-space is called a polyhedron. A face of a polyhedron P is the intersection of P with an additional hyperplane H β (d) with the property that
A polytope is a bounded polyhedron. The set conv(F ) is a polytope for every finite subset F of R d and every polytope is of this form. The polytope conv(F ) is a simplex if every element in conv(F ) has a unique representation as a convex combination of the elements of F . A cone is a finite intersection of halfspaces of the form H − α i (0). The set cone(F ) is a cone for every finite subset F of R d and every cone is of this form. For the theory of polyhedrons and related things we refer to the books of Schrijver [16] and Ziegler [22] .
Given a commutative monoid M, the monoid algebra
Given a finite set F , the free commutative monoid on F is the monoid N F consisting of functions u : F → N, and with (u + v)(a) = u(a)+v(a) for u, v ∈ N F and a ∈ F . The polynomial ring K[F ] is the monoid algebra
For a ∈ F we let u a : F → N denote the function defined by u a (a) = 1 and u a (b) = 0 for b = a and we let x a = x ua . If G ⊆ F , then we let x G be the square-free monomial a∈G x a .
Given a function f : F → G of finite sets, the homomorphism f * :
. Here a sum indexed on the empty set is zero by convention. The r-th Veronese subring of a Z-graded ring R = ⊕ i∈Z R i is the Z-graded ring R (r) = ⊕ i∈Z R ri .
Toric complexes
In this section we introduce toric complexes, the objects studied in this paper. 
The set of generators of T is the union G(T ) = ∪ F ∈Π T F and the faces of T are the elements F ∈ Π T . If F and G are faces of T with F ⊆ G we say that F is a face of G in T . Given a function u :
A toric complex T is embedded if there exist d ∈ N such that T F G is the identity on R d for every F, G ∈ Π T with F ⊆ G. Note that for a toric complex T the collection {cone(F ) : F ∈ Π T } is a polyhedral complex as considered for example in [13] consisting of rational cones.
Whenever appropriate we shall consider a partially ordered set Π as a category with objects set equal to the underlying set of Π and with morphism sets Π(F, G) consisting of exactly one element F → G if F ≤ G and with Π(F, G) empty otherwise. We let Π op denote the opposite category of Π with the same set of objects as Π and with Π op (G, F ) = Π(F, G). Given a toric complex T and elements F ⊆ G of Π T , there is are continuous injective maps conv(T F (F )) → conv(T G (G)) and cone(T F (F )) → cone(T G (G)) induced by the injective map T F G . Thus we can consider F → conv(T F (F )) and F → cone(T F (F )) as functors from Π T to the category of topological spaces. We define the spaces |T | and ||T || as the colimits:
Observe that if T is embedded, then the topological spaces
This type of toric complexes correspond to vector configurations as studied for example in [12] or [17] . Example 3.3. Let ∆ be an abstract simplicial complex on the vertex set V = {1, . . . , d + 1}, i.e. ∆ is a set of subsets of V and F ⊆ G ∈ ∆ implies F ∈ ∆. Let e 1 , . . . , e d+1 denote the standard generators of Z d+1 and define
We associate a toric complex T (∆) to ∆ as follows:
(a) Π T (∆) is the partially ordered set ∆,
Observe that |T (∆)| is homeomorphic to the usual geometric realization of ∆.
(ii) T is N-graded if it is Z-graded and the last coordinate of T F (a) is positive for all a ∈ F and F ∈ Π T . (iii) T is standard graded if it is Z-graded and the last coordinate of T F (a) is 1 for all a ∈ F and
Observe that the toric complex T (∆) of Example 3.3 is simplicial.
Lemma 3.5. Let T be a toric complex. (i) T is pointed if and only if zero is a vertex of cone(T
T is simplicial if and only if for all F ∈ Π T the elements T F (a) for a ∈ F are linearly independent.
Proof. We only prove (iii). Assume that for all G ∈ Π T the elements
Since T is a toric complex this implies F ∈ Π T and thus Π T is a simplicial complex.
On the other hand, let Π T be an abstract simplicial complex and let G ∈ Π T . Assume that the elements of T G (G) are linearly dependent. Thus for some a ∈ G there is a relation
Definition 3.6. We call S a subcomplex of a toric complex T and write S ⊆ T if S is a toric complex with Π S ⊆ Π T such that S F = T F and
Observe that by the definition of a toric complex we have for G ∈ Π S and F ⊆ G that F ∈ Π S if and only if F ∈ Π T .
The face ring of a toric complex
Stanley associated in [19] a K-algebra to a rational fan. In this section we translate Stanley's definition to the situation of toric complexes. Note that if T is a toric complex and F, G ∈ Π T with F ⊆ G, then there is a homomorphism
Here J T is the monomial ideal such that a monomial x u is not in J T if and only if there exists F ∈ Π T with supp(x u ) ⊆ F . For F ∈ Π T the ideal I F is generated by the image of the kernel
Recall that an ideal in a polynomial ring over K is binomial, if it is generated by binomials x u − x v and monomials x u . Such binomial ideals are strict in the sense that we do not allow the generators to have coefficients different from 1. A monomial ideal is an ideal generated by monomials.
Observe that the ideal I T of a toric complex is binomial, because for every F ∈ Π T the ideal I F is generated by the binomials
is generated by the elements of degree one. (
. Proof. To prove that i * ST is well defined we need to check that i * maps the ideal
Clearly J T is mapped into J S . For F ∈ Π T the ideal I F is generated by binomials x u − x v where x u and x v have support contained in F and satisfy that
is not in J S if and only if the same is the case for i
We conclude that i * (I T ) ⊆ I S and we get the induced homo-
. This homomorphism is clearly surjective and has the described kernel.
Analogously one shows that i ST * :
. This concludes the proof.
] is an integral domain. We claim that these are the only monomial prime ideals of K[T ], i.e. prime ideals generated by subsets of the variables. By definition of the ideal I T we see that a minimal monomial prime ideal P corresponds to a maximal face F of Π T and hence P = P F .
, the claim follows from Theorem 6.1.7 in [6] .
We need the following variation of Corollary 2.4 in [10] .
Lemma 4.4. Let K be an algebraically closed field and let P be a prime ideal in
Proof. Since
. It suffices to prove that the homomorphism δ :
We have that γ(f ) = 0 if and only if
F /L P and this implies that m∈L P f v+m x m is in the ideal generated by the x m − 1. Thus we see that the ideal I(L P ) is generated by the elements
, and that the homomorphism δ in question is an isomorphism.
Let
is a finite field extension, and since K is algebraically closed we must have
. . , n} : P F is a prime ideal not containing a monomial}. 
Proof. Let us first construct an abstract toric complex T ′ (I) in the sense that the targets for the maps T ′ F for F ∈ Π T ′ (I) = Π T (I) are abstract finitely generated free abelian groups instead of abelian groups of the form
it is straight forward to check that we obtain a toric complex T (I).
Note that for F ∈ Π T (I) the ideal P F agrees with the kernel I F of the homomor-
, and therefore I G is contained in
. By a suitable induction we may therefore assume that for all monomials x u of f there exists no face F ∈ Π T (I) with supp(
The last claim of the theorem is a consequence of this fact and this concludes the proof. [18] for more details on this subject.) We show that the converse is also true. Proof. If a toric complex T is simplicial, then I T is a monomial ideal as shown above.
Therefore assume that I T is a monomial ideal. Given F ∈ Π T we consider the toric subcomplex T (F ) of Example 3.2. Let i : F = G(T (F )) → G(T ) be the inclusion. Since I T is monomial, so is the ideal I T (F ) = i * (I T ). As noted above, it follows that I T (F ) = 0, because K[F ]/I T (F ) is an affine monoid ring. Thus the elements of T F (F ) are linearly independent. By 3.5 (iii) we conclude that T is simplicial. Then I T = J T and K[T ] is the Stanley-Reisner ring of Π T .
Given a toric complex T and subcomplexes Q, S ⊂ T , there is a subcomplex R = Q ∩ S of T defined by letting Π R = Π Q ∩ Π S . One can show that the space |R| = |Q ∩ S| is isomorphic to |Q| ∩ |S|. We write
Observe that the homomorphisms i ST * and i * ST are twins in the sense of Notbohm and Ray [14] , that is i QT * i ST * = i RQ * i RS * and i ST * i QT * = i RS * i RQ * . The face ring of T and the face rings of Q and S are related as follows:
is an isomorphism.
Proof. As above let R = S ∩ Q. We prove that the additive homomorphism 
) ∈ J T , and we compute that
This concludes the proof.
Proposition 4.7 can be generalized to the following situation.
Theorem 4.8. Let T be a toric complex, T 1 , . . . , T r be subcomplexes of T such that T = T 1 ∪· · ·∪T r and let P(r) denote the partially ordered set consisting of all subsets of {1, . . . , r} ordered by inclusion. Given I ∈ P(r) we let T I denote the subcomplex T I = ∩ i∈I T i of T . Then the natural homomorphism
Proof. We prove the lemma by induction on r, the case r = 1 being obvious. Assume that the lemma holds for r − 1. In particular, the homomorphisms
are isomorphisms. Since T = (T 1 ∪ · · · ∪ T r−1 ) ∪ T r there is a chain of isomorphisms
where the first is the isomorphism of 4.7, the second isomorphism is induced by the isomorphisms that hold by the inductive hypothesis and the third isomorphism uses the fact that the objects in question have the same universal property.
For F ∈ Π T consider the complex T (F ) of Example 3.2 (i). The face ring of T (F ) has the form K[T (F )] = K[F ]/I F where I F is the kernel of the homomorphism
The following corollary was proved in [10, Prop. 4.8] by considering the limit as a subset of a product.
Corollary 4.9. Let T be a toric complex. Then
Proof. Note that T (F ) ∩ T (G) = T (F ∩ G) and apply 4.8 to the family {T (F )} F ∈Π T .
Thus we have another representation of the face ring of a toric complex. For example this implies easily that K[T ] is reduced, because K[T (F )] is reduced for F ∈ Π T and the limit of reduced rings is reduced. The next goal will be to interpret the Veronese subrings of the face ring of a standard graded toric complex. Definition 4.10. Given a toric complex T and r ≥ 1 we let rT consist of the data:
(a) Π rT is the partially ordered set consisting of the sets
For rF ∈ Π rT and u ∈ rF let rT rF (u) = T F (u). (c) For rF, rG ∈ Π rT with rF ⊆ rG let rT rF,rG = T F,G . Proof. The sets rF ∈ Π rT are all subsets of the set {u : G(T ) → N}/ ∼ where u ∼ v if there exists G ∈ Π T such that both supp(u) and supp(v) are contained in G and T G (u) = T G (v). By construction rT rF : rF → Z d F \ {0} is injective and rT rF rG = T F G is an injection of abelian groups. We have to verify conditions (i)-(iv) of the definition of a toric complex. Condition (i) holds because we have that rF ∩ rG = r(F ∩ G) for F, G ∈ Π T . Conditions (ii) and (iii) are satisfied by construction, and condition (iv) holds, because cone(T F (F )) = cone(rT rF (rF )) for
Clearly if T is a toric complex and S is a subcomplex of T then rS is a subcomplex of rT . Proof. We compute
where the second isomorphism follows from the definition of the toric complex rT .
Subdivisions of toric complexes
In this section we introduce and study subdivisions of toric complexes. In particular, we will relate the face rings of a toric complex and its regular subdivisions.
Definition 5.1. Let S and T be a toric complexes.
(i) S is a partial subdivision of T if the following is satisfied:
S is a triangulation of T if S is simplicial and a subdivision of T .
In particular, if S is a subdivision of T , then
and similarly we see that |T | ∼ = |S|. The following construction, given by Sturmfels [21] in the case of a single cone, introduces a large class of subdivisions.
Definition 5.2. Let T be a toric complex and ω : G(T ) → R. Then the ω-subdivision sd ω T of T is given by the following data:
(i) A subset F of G(T ) is in Π sdω T if there exists a face of T containing F and letting
If sd ω T is a subdivision (triangulation) of T , we say that sd ω T is a regular subdivision (triangulation) of T .
A standard example of a non-regular triangulation is given in [21, Example 8.2] . Let e 1 , . . . , e d+1 be the standard basis for R d+1 . A face F of a cone C ⊂ R d+1 is called a lower face if for all x ∈ F and r > 0 we have that x − r · e d+1 ∈ F . It is easy to see that F is a lower face if and only if it is the intersection of C with a hyperplane H α (0) such that α(e d+1 ) < 0. 
Analogously there exists a linear form
Hence F ∩ G ∈ Π sdω T and this shows (i).
′ . This implies that F ∈ Π sdω T and we are also done in this case.
Hence sd ω T is a toric complex which is clearly a partial subdivision of T by construction.
If S is a subcomplex of a toric complex T , then a map ω : G(T ) → R induces a map ω : G(S) → R. Proof. This follows from Definition 5.2 since the property to be a regular subdivision is defined on the faces of a toric complex.
A subcomplex of a toric complex inherits regular subdivisions as noted in 5.5. The corresponding face rings are related as follows.
Corollary 5.6. Let T be a toric complex, ω : G(T ) → R such that sd ω T is a regular subdivision of T and S a subcomplex of T . Then
Proof. By Corollary 5.5 the toric complex sd ω S is a regular subdivision of S and a subcomplex of sd ω T . The isomorphisms follow from Proposition 4.2.
The toric complex sd ω T is not always a subdivision of T . As an illustration let F denote the finite set F = {−1, 1} ⊆ Z, let ω : F → R be the constant function with value −1 and consider the toric complex T (F ) of Example 3.2. Then ||T (F )|| = R and || sd ω T (F )|| = ∅, because Π sdω T (F ) is the empty set. (ii) T is an N-graded toric complex.
Proof. In both cases it remains to show that
for G ∈ Π T , because by 5.4 we know already that sd ω T is a partial subdivision of T . Let G ∈ Π T and 0 = x ∈ cone(T G (G)). Consider the cone
Since x ∈ cone(T G (G)) we have that C ∩ P = ∅. If one of the conditions (i) or (ii) is satisfied there exists
Then (x, s) is an element of a lower face F of C which induces by Remark 5.3 a linear form α on R d G and there exists an
Next we construct a homomorphism
If we show that for all F ∈ Π sd ω T the projection i
, then ϕ exists by the universal property of the limit.
Given F ∈ Π sdω T we let F ′ = ∩ F ⊆G∈Π T G ∈ Π T as above. By the construction of sd ω T , there exists a linear form
and equality holds precisely if supp(u) ⊆ F . Let
. We have to show that the projection of in
′ and I F ′ is homogeneous with respect to this grading. Thus without loss of generality we may assume that there exists
By the above discussion either in ω (g) = g or for all monomials x u in in ω (g) we have supp(u) ⊆ F . In the first case the image of in ω (g) = g under the projection
Taking limit with respect to F we get a commutative diagram of the form:
Theorem 5.8. For every toric complex T and ω :
Proof. Recall that I sdω T = J sdω T + F ∈Π sdω T I F and I T = J T + G∈Π T I G . We start by showing that the inclusion i * :
. We identify monomials in K[G(sd ω T )] with the corresponding ones in K[G(T )]. For every F ∈ Π sdω T there exists F ′ ∈ Π T with F ⊆ F ′ , and a linear from
we have that
u ∈ J sdω T , then either x u is in J T and we are done, or there exists an G ∈ Π T such that supp(x u ) ⊆ G. Suppose that x u ∈ J sdω T and that supp(x u ) ⊆ G ∈ Π T . Since sd ω T is a subdivision of T and T G (u) ∈ cone(T G (G)) there exists F ∈ Π sdω T with F ⊆ G such that T G (u) ∈ cone(T G (F )). We may assume that G = F ′ and then there exists a linear from
Using for example that Farkas lemma holds over both R and Q, we may assume that λ takes values in Q + , and thus there exists v :
). This finishes the proof of the fact that the inclusion i * :
We denote by Ψ :
. We need to prove that Ψ • Φ is the identity, or equivalently that Ψ is onto. Since sd ω T is a subdivision of T there exists for every G ∈ Π T and a ∈ G an F ⊆ G with F ∈ Π sdω T such that T G (a) ∈ cone(T G (F )). Again we may assume that G = F ′ and α F ′ : R d F ′ → R is chosen as above. If x a is not in the image of the inclusion ψ :
for n ∈ N and v : F → N as above, we compute that
This finishes the proof of the theorem. (ii): We only show that rad(in ω (I T )) = rad(in ω ′ (I T )) implies that sd ω T = sd ω ′ T since the other implication is a direct consequence of 5.8. Observe that by 5.8 we have that rad(in ω (I T )) = rad(in ω ′ (I T )) if and only if G(sd ω T ) = G(sd ω ′ T ) and I sdω T = I sd ω ′ T . The result follows from the fact that for a monomial x u the support of u is contained in a face of sd ω T if and only if x u / ∈ I sdω T .
Recall that given a subset
It is easy to see that this is equivalent to the fact that cone(L)
The following proposition can be extracted from the proof of Theorem 5.8:
Proposition 5.10. Let T be a toric complex and ω :
Edgewise subdivision of a simplicial complex
In this section ∆ denotes an abstract simplicial complex on the vertex set V = {1, . . . , d + 1}, i.e. ∆ is a set of subsets of V and . Given an element m of Z d+1 we let m j denote its j-th coordinate for 1 ≤ j ≤ d + 1. Guided by the regular subdivision introduced by Knudsen and Mumford [13, pp. 117-123] and the edgewise subdivision of simplicial sets (see for example [2] , [8] or [11] ) we define the following simplicial complex.
Definition 6.1. Let ∆ be an abstract simplicial complex with vertex set V , let r ≥ 1 and ι V : V → Z d+1 as in Example 3.3. The r-fold edgewise subdivision of ∆ is the abstract simplicial complex esd r (∆) consisting of the subsets F ⊆ rV = {u ∈ N V : i∈V u(i) = r} with u∈F supp(u) ∈ ∆ satisfying that for u, u ′ ∈ F we either have that 0
The name r-fold edgewise subdivision comes from the fact that the edges of ∆ are subdivided in r pieces. The goal of this section will be to relate K[esd r (∆)] to the r-th Veronese subring of the Stanley-Reisner ring K [∆] .
Observe that we have required that the coordinate-wise partial order on Z d+1 induces a total order on ι V (F ) for every F ∈ esd r (∆). If m(F ) denotes the minimal element of ι V (F ) in this order, then we also require that the set ι V (F ) ⊆ Z d+1 is a subset of m(F ) + ({0, 1} d × {0}), the vertices of a small d-dimensional lattice cube. Given an element σ of the symmetric group Σ d let ∆ σ = conv(0, e σ(1) , e σ(1) + e σ(2) , . . . , e σ(1) + e σ(2) + · · · + e σ(d) ) ⊆ R d+1 , and denote by ∆ d the abstract simplex on the vertex set V . For every maximal face F of esd r (∆ d ) the polytope conv(i V (F )) is a simplex of the form m(F ) + ∆ σ(F ) for a unique σ(F ) ∈ Σ d . Conversely, for every m ∈ Z d+1 and σ ∈ Σ d such that m + ∆ σ is contained in conv(i V (rV )) = r conv(i V (V )), the set F of vertices of m + ∆ σ is a maximal element of esd r (∆ d ).
Given k with 0 < k < r and y ∈ R d+1 we define:
The following easy and well-known result implies that the linear form α ij k : R d+1 → R has the property that conv(ι V (F )) = m(F )+∆ σ(F ) is contained in either its positiveor its negative associated halfspace for every F ∈ esd r (∆ d ). The above lemma in particular implies that after choosing a total order on rV we have that |T (esd r (∆ d ))| ∼ = conv(ι V (rV )) ∼ = ∆ e where e ∈ Σ d is the neutral element. Definition 6.3. Let ∆ be an abstract simplicial complex and let r ≥ 1. Define esd r (T (∆)) to be the toric complex with Π esdr(T (∆)) = esd r (∆), with esd r (T (∆)) F given by the restriction of ι V : rV → Z d+1 to F for F ∈ Π esdr(T (∆)) and with
Define the convex function f :
and let ω = f • ι V : rV → R. Lemma 6.2 implies that for every F ∈ esd r (∆ d ) there exists a linear form α F : R d+1 → R such that α F (y) = f (y) for every y ∈ m(F ) + ∆ σ(F ) . Since the convex function f agrees with α F on an open subset of R d+1 we have that α F (y) ≤ f (y) for y ∈ R d+1 , and because m(F ) + ∆ σ(F ) is a simplex in the triangulation induced by the H ij k , equality holds precisely if
On the other hand if F is a maximal face of sd ω (rT (∆ d )), then by 6.2 conv(esd r (T (∆ d )) F (F )) is of the form m(F ) + ∆ σ(F ) . As in the discussion above 6.1 we see that F ∈ esd r (∆ d ). Proof. We have just proved the result in the case ∆ = ∆ d . Since Π sdω rT (∆) = Π sdω rT (∆ d ) ∩ {F ⊆ rV : u∈F supp(u) ∈ ∆} and Π esdr T (∆) = Π esdr(T (∆ d )) ∩ {F ⊆ rV : u∈F supp(u) ∈ ∆} it follows that sd ω rT (∆) = esd r (T (∆)). Applying Corollary 5.5 we get that sd ω rT (∆) is a regular triangulation of rT (∆).
Corollary 6.5. We have that
Proof. Only the last isomorphism does not follow directly from the definitions. By Theorem 5.8 the face ring K[sd ω (rT (∆))] is isomorphic to K[rV ]/ rad(in ω (I rT (∆) )). Since for every F ∈ Π sd ω rT (∆) the set ι V (F ) is a subset of the vertices of a simplex of the form m + ∆ σ for m ∈ Z d × {r} and σ ∈ Σ d , the set ι V (F ) can be extended to a basis for Z d+1 . By Proposition 5.10 we conclude that in ω (I rT (∆) ) is a radical ideal.
Given v : {1, . . . , r} → V we obtain a function ψ(v) : V → N by letting (ψ(v))(i) denote the cardinality of v −1 (i) for i ∈ V . Since V r is (isomorphic to) the set of functions from {1, . . . , r} to V we obtain a surjective map ψ : V r → rV . Restricting ψ to the subset W of V r consisting of tuples of the form v = (v 1 , . . . , v r ) with [21] (see also Hibi-Ohsugi [15] for related Gröbner bases). For Gröbner basis theory we refer to [7] .
Let ω ′ = ω • ψ : W → R where ω is chosen as above. (x (u 11 ,...,u 1r ) x (u 21 ,...,u 2r ) ). Observe that for a sorted monomial x u = s i=1 x (u i1 ,...,u ir ) we have that ψ(supp(x u )) ∈ Π sdω rT (∆) if and only if {u ir : 1 ≤ i ≤ s, 1 ≤ j ≤ r} ∈ ∆. This is exactly the case if ψ(supp(x u )) is not a face of esd r (∆) = Π sd ω rT (∆) . Hence
